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ABSTRACT
The theory of two-temperature generalized thermoelasticity based on the theory of Youssef is used to solve
the boundary value problems of two dimensional half-space with heating its boundary with different types of
heating. The governing equations are solved using new mathematical methods under the purview of the
classical dynamical coupled theory (CD) and Lord-Şhulman theory (LS). The general solution obtained is
applied to a specific problem of a half-space subjected to one types of heating thermal shock type. The
normal mode method is used to obtain the exact expressions for the displacement components, force
stresses, and temperature distribution for a mode-I crack. The variations of the considered variables through
the horizontal distance are illustrated graphically. Comparisons are made with the results between the two
theories.
Keywords: Thermoelasticity, A mode-I crack, two temperature, Lord-Şhulman theory, coupled theory.
*Corresponding author. E-mail: sdahb@yahoo.com.

Nomenclature:

a

Two temperature parameter

αt

Coefficient of linear thermal expansion

Specific heat per unit mass

δij

Kronecker delta function

CE
e

Cubical dilatation

eij

Components of the strain tensor

Fi

Lorentz force

K
P

T
T0

Initial stress parameter
λ, μ Counterparts of Lame’s parameters

Thermal conductivity
Initial pressure
Absolute temperature

μ 0 Magnetic permeability
  T  T0 Thermodynamical temperature

Temperature of the medium in its

ρ

Density of the medium

 ij

Components of the stress tensor

0

Thermal relaxation time

natural state assumed to be

ui

0 Electric permittivity
  0  T Conductive temperature

T  T0
1
T0

Components of the displacement vector
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INTRODUCTION
For classical uncoupled and coupled theories of
thermoelasticity, the heat conduction equations are of the
diffusion types which lead to infinite speeds of
propagation for heat waves contrary to physical
observations. Wide spread attentions to eliminate this
paradox has been given to thermoelasticity theories
which admit a finite speed for the propagation of thermal
waves. Many authors have formulated generalized
theories involve a hyperbolic-type heat equation and are
referred to as generalized thermoelasticity. Three
generalizations to the coupled theory were introduced.
The classical coupled thermoelasticity theory proposed
by Biot (1956) with the introduction of the strain-rate term
in the Fourier heat conduction equation leads to a
parabolic-type heat conduction equation "called the
diffusion equation". This theory predicts finite propagation
speed for elastic waves because of the physically
unrealistic infinite speed for thermal disturbance. To
overcome such an absurdity, generalized thermoelasticity
theories have been propounded by Lord and Shulman
(1967) as well as Green and Lindsay (1972) advocating
the existence of finite thermal wave speed in solids.
These theories have been developed by introducing
one or two relaxation times in the thermoelastic process,
either by modifying Fouriers heat conduction equation or
by correcting the energy equation and Neuman-Duhamel
relation. Various problems characterizing these theories
have been investigated and has revealed some
interesting phenomenon. Brief reviews of this topic have
been reported by Chandrasekharaiah and Srinath (1998),
and Chandrasekharaiah and Murthy, (1991). The
interplay of the Maxwell electromagnetic field with the
motion of deformable solids is largely being undertaken
by many investigators owing to the possibility of its
application to geophysical problems and certain topics in
optics and acoustics. Moreover, the earth is subject to its
own magnetic field and the material of the earth may be
electrically conducting. Thus, the magneto-elastic nature
of the earth's material may affect the propagation of
waves. A comprehensive review of the earlier
contributions to the subject can be found in the study by
Puri (1972). Nayfeh and Nemat-Nasser (1972)
considered the generalized magneto-thermoelastic
equations who studied the propagation of plane waves in
a solid under the influence of an electromagnetic field.
They have obtained the governing equations in the
general case and the solution for some particular cases.
Choudhuri and Mukhopdhyay (2000) extended these
results to rotating media. Ezzat and Othman (2000) has
studied the problem of generation of generalized
magneto-thermoelastic waves by thermal shock in a
perfectly conducting half-space. Ezzat et al. (2001) have
established the model of two dimensional equations of
generalized magneto-thermoelasticity. In dealing with
classical or generalized thermoelastic problems in most

situations, the displacement potential function approach
is used. However Bahar and Hetnarski (1977a, 1977b)
outlined several disadvantages of the potential function
approach. These may be summarized in the fact that the
boundary and initial conditions of the problem are not
related directly to the potential function, as it has no
physical meaning explicitly.
Secondly, more stringent assumptions must be made
on the behaviour of potential functions than on the actual
physical quantities. Last of all, it was found that many
integral representations of physical quantities are
convergent in the classical sense while their potential
function representations only converge in the mean. To
get rid of these difficulties, Bahar and Hetnarski (1978)
introduced the state space formulation in thermoelastic
problems. This state space approach has been further
developed in Sherief (1993) to include the effect of heat
sources. Sherief and Anwar (1994) surveyed a twodimensional thermal shock problem for a semi-infinite
piezoelectric rod using state space approach. Youssef
and El-bary (2006) put forward an analysis for a
generalized thermoelastic infinite layer problem under
three theories using state space approach. State space
formulation to the vibration of gold nano-beam in femtoseconds scale was done by Elsibai and Youssef (2011).
The theory of heat conduction in a deformable body,
formulated by Chen and Gurtin (1968) and Chen et al.
(1968; 1969) depends on two different temperatures the
conductive temperature and the thermo dynamical
temperature. Chen et al. (2004) have suggested that the
difference between these two temperatures is
proportional to heat supply. In absence of heat supply,
these two temperatures are identical for time independent
situation. However, for time dependent cases, particularly
for problems related to wave propagation, the two
temperatures are in general different, regardless of heat
supply. The two temperature thermoelasticity theory has
gained much attention of the researchers in the recent
years. The existence, structural stability, convergence
and spatial behaviour of two temperature thermoelasticity
have been provided by Quintanilla and Tien (1993).
Youssef (2006) has developed a new model of
generalized thermoelasticity that depends on two
temperatures T and  , where the difference between
the two temperatures is proportional to heat supply


,ii with a non-negative constant a (length 2 ). Youssef
and Al-Lehaibi (2007) and Misra et al. (1987) investigated
various problems on the basis of two temperature
thermoelasticity with relaxation times and showed that
the obtained results are qualitatively different as
compared to those in case of one temperature
thermoelasticity.
Roy Choudhuri and Debnath (1983a, b) and Othman
(2005a, b). Othman and Singh (2007) and Othman and
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Song (2008) studied the effect of rotation in a micropolar
generalized thermoelastic and thermo-viscoelasticity half
space under different theories. The propagation of plane
harmonic waves in a rotating elastic medium without
thermal field has been studied. It was shown there that
the rotation causes the elastic medium to be dispersive
and an isotropic. These problems are based on more
realistic elastic model since earth; moon and other plants
have angular velocity.
Owing to the mathematical difficulties encountered in
two and three dimensional multi-field coupled generalized
heat conduction problems, the problems become too
complicated to obtain an analytical solution. Instead of
analytical methods, several authors have applied
numerical methods such as finite difference method, finite
element method and boundary value method etc. for
solving such kind of problems. One can find several twodimensional works based on the generalized
thermoelasticity by using the normal mode analysis in the
literatures Ezzat and Abd Elall (2010), Othman and Lotfy
(2010a, b), Lotfy and Othman (2011), Lotfy (2012) and
Sarkar and Lahiri (2012). Using the normal mode
analysis technique, we will get the solution in the Fourier
transformed domain actually. To apply the normal mode
analysis, we have to assume that all the relations are
sufficiently smooth on the real axis such that the normal
mode analysis of all these functions exist. The normal
mode analysis (Ezzat and Abd Elall, 2010; Othman and
Lotfy, 2010a; Othman and Lotfy, 2010b; Lotfy and
Othman, 2011) was used to obtain the exact expression
for the temperature distribution, thermal stresses, and the
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displacement components.
In the recent years, considerable efforts have been
devoted the study of failure and cracks in solids. This is
due to the application of the latter generally in industry
and particularly in the fabrication of electronic
components. Most of the studies of dynamical crack
problem are done using the equations of coupled or even
uncoupled theories of thermoelasticity (Dhaliwal, 1980;
Hasanyan et al., 2005; Ueda, 2003; Elfalaky and AbdelHalim, 2006). This is suitable for most situations where
long time effects are sought. However, when short time
are important, as in many practical situations, the full
system of generalized thermoelastic equations must be
used (Lord and Shulman, 1967). Some contribution
taking into account rotation, initial stress are discussed
(Abd-Alla et al., 2003; Abo-Dahab and Mohamed, 2010;
Abo-Dahab et al., 2011a; Abo-Dahab, 2011; Abo-Dahab
et al., 2011b; Abo-Dahab and Singh, 2013; Othman et al.,
2016; Abo-Dahab, 2018). Abo-Dahab (2018) investigated
reflection of generalized magneto-thermoelastic waves
with two temperatures under influence of thermal shock
and initial stress.
The present article is intended to demonstrate the use
of the normal mode analysis in analyzing the propagation
of thermoelastic waves in two temperature theory of
thermoelasticity under the effect of rotation. Normal mode
analysis is employed to obtain the exact solution.
Numerical values of the field quantities are calculated by
considering illustrative examples and their variations with
respect to space coordinate are displayed graphically and
discussed under a mode I-crack.

FORMULATION OF THE PROBLEM
In the present article, the authors consider the problem of a homogeneous, isotropic, elastic half-space (x ≥ 0). The
surface of the half-space is subjected initially (t = 0) to a thermal shock that is a function of y and t. Thus all the
quantities considered in this problem will be functions of the time variable t and coordinates x, y. We can introduce the
equations of the problem as following:
The heat conduction equation considering LS theory takes the form (Youssef, 2006):


2 
K ,ii     0 2  ( C ET  T 0u i , j )
t 
 t

(1)

The constitutive equation takes the form:

 ij  ekk  ij  2 eij   T ij .

(2)

Since the medium is rotating uniformly with an angular velocity    n, where n is a unit vector representing the
direction of the axis of rotation. The displacement equation of motion in the rotating frame of reference has two
additional terms, centripetal acceleration,  ( u) due to time-varying motion only and the Corioli's acceleration

2u where u is the dynamic displacement vector.
The equations of motion in a rotating frame of reference in the context of generalized thermo elasticity considering
around z-axis as shown in Figure 1a are:
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Figure 1a. Geometry of the problem.

 i ]   ji , j , ( i, j  1,2,3 ).
 [ui   ( u )i  (2 u)

(3)

The relation between the heat conduction and the dynamical heat takes the form

  T  a ,ii

(4)

where, a > 0 two-temperature parameter, (Youssef, 2006).
Now, we will suppose elastic and homogenous half-space x  0 which obey Equations 1 to 4 and initially quiescent
where all the state functions are depend only on the dimension x, y and time t .
The displacement components for one dimension medium have the form:

u x  u ( x, y, t ) , u y  v( x, y, t ) and u z  0 .

(5)

The strain component takes the form:

eij 

1
(u i , j  u j ,i ).
2

(6)

The heat conduction equation takes the form:

  2  2   

2 
 2   u v 
K  2  2      0 2  C ET  T 0    0 2  

.
y   t
t 
t   x y 
 x
 t

(7)

The constitutive law equations can be written as:

u

x
v
σ yy  (2μ   )

y
σ xx  (2μ   )

v
 T ,
y
u
 T ,
x

 u v 
σ xy   

 . (10)
y x 

(8)
(9)
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Using the summation convection. From (Roy Choudhuri and Mukhopdhyay, 2000; Ezzat and Othman, 2000; Ezzat et al.,
2001), we note that the third equation of motion in (3) identically satisfied and first two equations become:

  2u

e
T
  2   2u  2v    2u       
x
x
 t


(11)

  2v

e
T
  2   2 v  2u    2 v       
.
y
y
 t


(12)

The relation between the heat conduction and dynamical heat takes the form:

 2  2
 T  a ( 2  2 )
x
y

(13)

To transform the above equations into non-dimensional forms, we define the following non-dimensional variables

(x , y , u ,v )  C 1 (x , y , u ,v ) , (t ,  0 ,0 )  C 12 (t ,  0 , 0 ) ,
 ij
(T ,  ) T 0

( ',  ) 
,  ij 
  2
2  
T0
c 0
C E

2  
2
2
where,  
, C2 
and C 1 
.

K


(14)

Hence, we have (dropping the dashed for convenience)

 2  (1  τ 0

 
 e
)
  (1   0 )  0
t t
t t

  2  2 
     2  2 
y 
 x

(15)

(16)

where




2 2
and   a C 1
C E

Assuming the scalar potential functions  ( x , y , t ) and  ( x, y , t ) defined by the relations in the non-dimensional form:

u



 

, v

.
x
y
y
x

(17)

By using (17) and (14) in Eqs. (11) and (12), we obtain.

 2
2 

2




  2
 a0  0

2 
t 
t


(18)

 2
2

2
0
   a1 2  a1   2a1
t
t



(19)
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where

a1 

C02
T0
, a0 
.

C02

(20)

The heat condaction Equation 15 becomes



  
  
 2  1  τ 0 
  1   0   2
0
t  t
t 
t



(21)

We assume now the solution of Eqs. (13)-(15) takes the following form:



 ,

,  ,     , ,  ,T

where,

v   .

 exp[i   x sin   y cos  )   i  t ]

(22)

Substitute from Eq. (22) into Eqs. (16), (18), (19) and (21), we get

 1   2     

(23)

[  2   2   2 ]  2i    a0T  0

(24)

[  2  a1 (  2   2 )]  2i   a1   0

(25)

 2   i t o   i  t o  2   0
where, t o  1  i   o .

(26)

Equations 23 to 26 have a nontrivial solution if and only if the determinant vanished, so

0

0

1   2

1

 2   2   2

 2i  

0

a0
0

2 i   a1

 2  a1 (  2   2 )

0

0

i  t o  2

0

2

 i t o

2

This yields an algebraic equation on  

(26)

2
, where, v is the coupled wave velocity.
v2

A 6  B  4  C  2  D  0
where,

A  1  i t o (1   ao ),

B  i  a1t o (1   a0 )  i t o (   ao  1)   (1  a1 ),
C  i t o (1  a1   a1   a0a1 )  4 2  2 (a1  i  a1t o )   2a1 ,
D  i a1t o (4 2 2   2 ),    2   2

(27)
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Equation 27 indicates that there are three reflected waves; T-, p- and SV-waves.
SOLUTION OF THE PROBLEM
2

Where, Equation 25 has two roots in  , there are two coupled waves T -wave, p-wave and SV-waves with three
different velocities. Assuming that the radiation in vacuum is neglected, when a coupled wave falls on the boundary
z  0 from within the thermoelastic medium, it will make an angle  with the negative direction of the z-axis, and three
reflected waves that will make angles  and i (i = 1, 2, 3) with the same direction as shown in Figure 1b.

Figure 1b. Geometry of the problem.

The displacement potentials,  ,  ,  and  , will take the following forms:
3

  A0 exp[i 1  x sin   y cos )  i  t ]   A j exp[i  j  x sin  j  y cos j )   i  t ]

(28)

j 1
3

  A01 exp[i 1  x sin  y cos )  i t ]  A j j exp[i  j  x sin j  y cos j )  i t ]

(29)

j 1
3

  1A0 exp[i 1  x sin  y cos )  i  t ]   j A j exp[i  j  x sin j  y cos j )   i t ]

(30)

j 1
3

  1A0 exp[i 1  x sin  y cos )  i  t ]   j A j exp[i  j  x sin j  y cos j )  i  t ]

(31)

j 1

Where

j 

j
2i a1
, j 
,
2
 j  a1
1   j2

1
 j  ( j2    2i  j ),
ao

j  1, 2,
(32)
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Aj

, j  1, 2,3. Also it may be noted
A0
that the angle  ,  j (j = 1, 2,3), and the corresponding wave numbers,  j , j  1, 2, 3, are to be connected by the
The ratios of the amplitudes of the reflected waves for the incident p-wave are

following relations according to Snell’s law as follow:

1 sin   1 sin 1   2 sin  2  3 sin 3

(33)

BOUNDARY CONDITIONS
(1) A mechanical boundary condition that the surface of the half-space is traction free:

 xx (x , 0, t )  0,

 xy (x , 0, t )  0

(34)

Substitute from Equations 16 to 19, we get

12   2 (sin 2   1 sin  cos )  To 1  A0



(35)

3

   j2   2 (sin 2  j  j sin  j cos  j )  To j A j  0
j 1
3

12 (1 cos 2  sin 2 )A 0    j2 ( j cos 2 j  sin 2 j ) A j  0

(36)

j 1

(2) Assuming that the boundary z  0 is thermally insulated. This means that the following relation will be:

T
0
z

y 0

on

(37)

Substitute from Equation 30, we obtain:
3

1 1 cos   A 0    j  j cos j  A j  0

(38)

j 1

From Equations 35, 36 and 38 we can put them in the following algebraic equation for the incident wave as follows:
3

a

ij

Z j  bi ,

Zj 

j 1

Aj
A0

, j  1, 2,3, 1   0

where,

a1 j   j2   2  (sin 2  j   j sin  j co s  j )   T o  j ,

a2 j   j2 ( j cos 2 j  sin 2 j ),

a3 j   j  j cos  j ,

b1  12   2 (sin 2   1 sin  cos  )  T o  1 ,
b2  12 (1 cos 2  sin 2 ),
b3  1 1 cos  .

(39)
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NUMERICAL RESULTS
In order to analyze the above problem numerically, we now consider a numerical example for which computational
results are given. The results depict the variation of temperature, displacement and stress fields in the context of two
theories. To study the effect of rotation and two temperatures on wave propagation, Crust is taken as the thermoelastic
material for which we take the following values of the different physical constants:

    3  1010 N .m 2 , K  3 W .m 1 .K 1 , T 0  300 K , g  9.8,

  1.6  1011 k 1 ,   2900 kg .m 3 , C E  1100 J .kg 1.K 1.
The computations were carried out as folows:
Figures 2 to 4: plot magnitude of the amplitudes ratios Z 1 , Z 2 and

Z3

with respect to the angle of incidence for p-

wave with varies values of rotation  , thermal relaxation time  0 due to Lord and Shulman theory and two temperature
parameter a. It clear that the magnitudes of all amplitudes ratios decrease with an increasing values of rotation, that
physically indicated to the interrupted effect for rotation on all amplitudes of reflected waves due to the p-wave incidence
on the interface.
Figure 2 shows the variation of the magnitude of amplitudes ratios Z 1 , Z 2 and
respect to the angle of incidence



Z3

of reflected of p-wave with

for different values of rotation  , the magnitude of amplitude ratio

displays reflected SV-wave increases from unity at

Z1

which

  0o , arriving to its maximum value and decreases tends to unity

  90o , it appears that the magnitude of amplitudes ratios Z 2 which displays reflected p-wave and Z 3 which
o

o

displays reflected T-wave start from zero at   0 arriving to their maximum values and reduce to zero at   90 .
From Figure 3, we concluded that relaxation time  0 has strong effect on the magnetudes of amplitudes rations, and
has greatest values with the low value of relaxation time.

SV-wave

p-wave

Figure 2. Variation magnitudes of reflection coefficients
varies values of rotation

Z i , i  1, 2,3

  0.1___, 0.2......, 0.3  , 0.4  .  .

T-wave

with respect of angle of incidence



with
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SV-wave

p-wave

Figure 3. Variation magnitudes of reflection coefficients
varies values of relaxation time o

Z i , i  1, 2,3

T-wave

with respect of angle of incidence



with

 0.011___,0.012......,0.013 .

SV-wave

p-wave

Zi , i 1,2,3 with respect of angle of incidence 
a  0.0___,0.011......,0.012 .

Figure 4. Variation magnitudes of reflection coefficients
values of two temperature parameter

T-wave

with varies
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Finally, from Figure 4, we can conclude that the magnitude of reflection coefficients have lowest values in one
temperature (i.e., a = 0) comparing with the corresponding values of two temperature (a = 0.011, 0.012).
CONCLUDING REMARKS
Theory of generalized thermoelatsticy with two
temperature heat transfer and rotation is a new important
branch of research, especially, in Engineering,
Geophysics, Acoustics, Physics, and Plasma. In
literature, there are only a few numbers of investigations
based
on
the
two
temperature
generalized
thermoelatsicty.
According to the analysis above, we can conclude the
following points:
1. Analytical solutions based upon reflection phenomena
considering (LS) theory for themoelastic problem in solids
have been developed and utilized.
2. The theory of
two-temperature generalize
thermoelasticity describes the behavior of the particles of
the elastic body more real than the theory of onetemperature generalized thermoelasticity.
3. Magnitudes of all amplitudes ratios decrease with an
increasing values of rotation of reflected waves due to the
p-wave incidence on the interface.
4. It is clear from all the figures that all the magnitudes of
amplitudes ratios start from unity and tends to unity
concerns SV-wave, but from to zero concern p- and Twaves.
5. Two temperature has a strong effect on the reflection
phenomena comparing with the correspondence one
temperature.
6. Physically, it clears that the rotation affect negatively
on all magnetudes of the amplitudes ratios indicates to
the useful of rotation effect on reflection phenomena,
especially, in geophysics, earthquakes and volcanoes.
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